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Abstract 

We provide some additional evidence in favour of the strong - weak coupling duality 
between the SO{32) heterotic and type I superstring theories by comparing terms quartic 
in the gauge field strength in their low-energy effective actions. We argue that these terms 
should not receive higher-loop string corrections so that duality should relate the leading- 
order perturbative coefficients in the two theories. In particular, we demonstrate that the 
coefficient of the F^-term in the one-loop (torus) part of the 5'0(32) heterotic string action 
is exactly the same as the coefficient of the F'^-term in the tree-level (disc) part of the type 
I action. 
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The D = 10 supersymmetry implies that the type I superstring and the SO{32) het- 
erotic string theories should be described by the same leading-order low-energy (plus 

anomaly- cancelling terms) action - the N = 1, D = 10 supergravity plus supersymmetric 
Yang-Mills action Q . Thus the leading-order terms in the corresponding actions should be 
related by a field redefinition. As was observed in ^ , this field transformation involves re- 
versing the sign of the dilaton and thus interchanges the weak and strong coupling regimes 
of the two theories. This suggests that the SO{32) heterotic and type I string theories 
in ten dimensions are dual to each other in the sense that a strong-coupling region of one 
theory can be described by dynamics of solitonic states which is equivalent to the weak- 
coupling dynamics of elementary states of the other. Such duality relation is supported 
by the fact that the fundamental string solution of the heterotic string appears as a 
'soliton' of type I theory when rewritten in terms of the type I string metric and dilaton 

m- 

To check this duality further one may try to compare higher-order terms in the two 
effective actions. They should be equivalent at each order in derivative expansion but 
exactly in string coupling. As we shall show below, it is indeed possible to establish a 
correspondence between the gauge field i^^-terms in the heterotic and type I effective 
actions which is in agreement with the duality of the two theories. 

The leading-order terms in the two effective actions have the form 

Snet = J d'^xVG {coe-2^[i?-f 4(90)2 - l^J^, + ^trF^^] + ...} , (1) 

Stypei = I d^'xVG^icoe-'^' [R' + 4{d<pr] - ^c',Hl^x (2) 

+ ^aoe-'^'trF2^ + ...} . 

We shall use primes to indicate the fields of the type I theory. The trace tr is in the 
fundamental representation of 5*0(32), tr{TaTh) = —2Sab {-^fi = ^^^^a, F^^, = d^A^ — 
dT^A^ + [A^, A^,]) and H contains the Chern-Simons terms, H = dB + ^u!3{A) + ..., us{A) = 
ti{AdA + ^A^). The string coupling is, as usual, absorbed into the constant part of the 
dilaton. Similarly, we assume (as it is natural from the point of view of the world-sheet 
action) that the string tension is absorbed into the metric and the 2-form field which thus 
have the dimension cm"^ (all the parameters in (|l|),(@) are then dimensionless while the 
tensors have the geometrical dimension, [r^i...^„] = cm~"). In a standard perturbative 
phase, 

Gfj,u = —S^i, + ... , G' = -f ... , (3) 
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where a' and a'j are the inverse tensions of the heterotic and type I theories. The terms 
in d^) are the tree-level (sphere) ones while the three groups of terms in (^) with different 
powers of e"^ correspond to the sphere, annulu^ and disc diagrams. 
The actions and (g) are related by 

= e-^G^, , 0' = , = B^, , A'^ = A^. (4) 

The higher-order F'^-terms in the two actions have the following structure: 

AShet = j d^^xVG[f{(l))trF^ + h{(l))trFhrF^] , (5) 

AStypei = J (i^°xv^[/'(0')trF4 + h'{(P')trFhrF^] , (6) 

where the indices of the four F^,y-factors are contracted with r^^'"^^ (which is the 10- 
dimensional extension of the 8-dimensional light-cone gauge 'zero-mode' tensor with 
g/.i.../.8_term omitted) built out of G^'' in (g) and G''^^ in (§), e.g., 

fyp4: — nivi...fl4l^4fy( p p p p \ ('7^ 

^'-^ — ' ^^\-^ fJLlV^-^ ^.2^2-^ tJI,3V3-^ ^.4^4) \' ) 

= mviF^^Fp^F^xF^^ + iF^-'Fp^FP^F^x 
- iF'^'-F^^FP^Fpx - ^F'^'-FP^F^^F.x). 

The functions f,h and f',h' are, in general, expected to have the following perturbative 
expansions (for small e*^ and small e*^ respectively) 

/(0) = 6oe-''^ + bi + h2e^^ + ... + 6„e2(— + ... , (8) 

h{^) = coe-^'l' + ci+ cae^-^ + ... -f- c^e^^'^"!)'^ + ... , (9) 



^ Since the antisymmetric tensor of the type I theory appears in the RR-sector, heuristically 
one may think of its kinetic term as originating from the annulus diagram (each of the two non- 
local spin operators cuts a disc out of the sphere). We follow Q (cf. [§) and use B^i, redefined by 
the factor of e*^ so that H does not contain the dilaton dependence (both in the heterotic and 
type I cases). 

^ The consistency (supersymmetry) requires that in (^ Cq = ao = cq (though this was not 
checked directly, cf.|Q). The coefficient ao is proportional to the value of the dilaton tadpole 
on the disc and determines the ratio of the Yang-Mills and gravitational couplings in the type I 
theory [10,ll|] (see below). Note also that one may use alternative normalisations introducing an 



extra constant shift in the relation between the two dilatons, 0' = —0 + p, while keeping the two 
tensions in (^) the same. 
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and 

f'{<P') = b'oe-^' + b[ + b',e^' + ... + b'^e^--'^^' + ... , (10) 

h'i^') = c'oe-^' + c[ + c'^e^' + ... + ^e^-"!)'^' + ... . (11) 

Some of the leading-order coefficients were computed in the past. In the heterotic string 
theory the tree-level (sphere) coefficients are [|T2| , p!3| , |T4| bo = 0, cq ^ and the one-loop 
(torus) coefficients in the 50(32) heterotic theory are |]T^,^|T^ bi ^ 0, ci = 0. In the 
type I theory the tree-level (disc) coefficients are [1l8| , p!9[| 6q 7^ 0, Cq = 0. While the fact 



that Cg = is trivial (disc has just one boundary), the reason why bo = and ci = (in 
the 50(32) heterotic theory) was not understood before. As we shall see, these values are 
indeed 'explained' by the duality.i 

Applying the duality transformation (^) to the type I action (|^), i.e. expressing it in 
terms of the heterotic string metric and dilaton, we get 

AStypei = J d^^xVG[f{(t))trF'^ + h{(t))trFhrF^] , (12) 

where 

/(0) ^ e-^/'(-0) =b'o + b[e-^ + b',e-'^ + ... + fo^e"'^^ + ... , (13) 
h{(j)) = e-^h'{-(P) =c'o + c[e-^ + 46-2-^ -f- ... + c^e-"^ + ... . (14) 
The duality equivalence should imply thatS 

/(0) = /(0) , m = h{cp) . (15) 

Since /(0), h{(p) are known only for large negative (small heterotic string coupling) while 
/'(— 0), h'{—(j)) (and thus /(0), h{(j))) - for large positive (small type I string coupling) 
one cannot, in general, test duality just by comparing the coefficients of the few terms in 
the above formal expansions which happen to have the same dilaton dependence.^ It would 



^ The double trace (trF^trF^) term does appear (i.e. ci 7^ 0) in the one-loop action of the 
i?8 X £^8 heterotic string theory [jl^ which indeed cannot be directly related to the type I theory. 

^ Note that in addition to changing the sign of the dilaton the transformation between the 
coupling functions of the two theories involves rescaling by the factor e^*^ in (p^) , ([I^) . This is a 
reflection of the fact that not only the dilaton (or string coupling) but also the metric (or string 
tension) is transformed. 

^ I am grateful to E. Witten for emphasizing this point to me. Note also that it is the absence of 
perturbative higher- loop corrections to the leading-order terms in (|l]),(|2|) that makes legitimate the 
consideration of the duality transformation (^) between them (in addition, one assumes that the 
massless part of strong-coupling solitonic spectrum of one theory is the same as the perturbative 
weak coupling spectrum of the other, as is indeed implied by supersymmetry) . 
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be possible to check (|T5|) using perturbation-theory results only if most of the coefficients 
in (PD , (PI) , (pUp , (P^D were zeroes. Indeed, (^S]) would be satisfied provided 

b'o^h, b[ = 0, 6^ = 60 , b's = b'^ = ... = , 62 = 63 = ... = , (16) 

c'o ci , c'l = , C2 = Co , 4 = C4 = ... = , C2 = C3 = ... = . (17) 

Note that the absence of double-trace term in tree-level part of type I action (cq = 0) is 
thus equivalent by duality to the known absence of such term in the 1-loop part of the 
SO{32) heterotic string action (ci = 0). Also, the absence of the single-trace term in the 
tree- level heterotic action {bo = 0) implies that there should be no such term coming from 
the genus —1 diagrams in type I theory. At the same time, the presence of the double-trace 
term in the tree-level heterotic action (cq) is not surprising given that the duality relates 
it to the genus —1 correction (C2) in type I theory which originates from diagrams with 
m < 3 boundaries. 

Taking into account the known perturbative results (bo = ci = Cg = 0), the conditions 
(|T6|) , (|T7|) thus require that 

/(0) = 61 , f'{<P') = b'oe-^' , 61 = &[, , (18) 

h{(j)) = coe-^^ , h'{(p') = c'^e^' , 4 = cq . (19) 

In what follows we shall consider only the trF^ coupling functions / and /' and try to 
justify ([T8|) , (p!6|) and thus the duality relation (|15|). We shall first argue that / and /' should 
not contain higher-loop corrections and then demonstrate the equality of the coefficients 
bi and 6q. 

The reason why the 1-loop trF^-term in heterotic string theory should not receive 



higher-loop corrections is its direct connection with the anomaly- cancelling term 



^/.i.../.io5^^^^tr(F^3^,F^,^gF^,^3F^g^,J ||j2g,p|,|2l. The derivation ^ of this term 



based on light-cone Green-Schwarz superstring partition function representation for the 
effective action on the torus [|22| is closely related to the chiral anomaly index computation 
|20[] and can probably be generalised to higher loops, giving zero result in view of the 
expected absence of higher-loop contributions to the anomaly cancellation condition.i 



^ The relation between the 4- vector parity-even and the four vector - one antisymmetric tensor 
parity-odd terms was noticed at the level of the 1-loop string amplitudes The close 

connection between the calculation of the anomaly index and the one- loop 0(i?^, B?F^ , F'^) term 
in the heterotic string effective action was suggested as an indication that this term does not 



receive higher string loop corrections |17|. This connection is also apparent from the analysis of 
1 23]. It should be emphasised that the condition of preservation of supersymmetry is crucial for 
this non-renormalisation. For example, the two- loop 4-point amplitude as given in [24| may look 
non- vanishing when expanded to fc^-order in momenta; the supersymmetry requires, however, that 
the coefficient multiplying the kinematic factor K must vanish under a proper computational 
procedure consistent with the supersymmetry and the anomaly cancellation (see also |]2^ ). 
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It is the D = 10 supersymmetry combined with the absence of higher loop contribu- 
tions to the anomaly-canceUing terms that rules out higher-loop corrections to trF^ (and 
also to tri^^trF^). Indeed, the two super-invariants including the F^-structures contain 
the following bosonic terms 

T _ fv.p4 _ 1 /ii...^iio n ^ (p 77. 77. zp \ (20) 

r _ +^i7'2i 7712 _ 1 U1...M10 D tr(F F )tr( F F ) 

Thus the absence of the higher-loop contributions to the coefficients of the iJF'^-terms 
1 2^,^ implies that the coefficients of Ii and I2 are not renormalised.B 

The absence of loop corrections to the tree- level trF^-term in the 5*0 (32) type I theory 
is also implied by the supersymmetry and the anomaly cancellation (here the anomaly- 
cancelling term StrF'* comes only from the tree- level disc diagram [|I| ) . More explicitly, the 
diagrams which may contribute to this term have the topology of a disc with four external 
legs at the boundary and insertions of holes, crosscaps and handles at the interior. Let 
us start with the 1-loop correction given by the sum of the annulus and the Mobius strip. 
The corresponding amplitude has the following structure ^ 

A4 = 16K f [di^] U^Biu, - z.,, A)]2°'.'=-^^- , (21) 

where K = —^st(i • C2C3 " C4 + ••• is the standard kinematic factor and the integral over A is 
defined using the principal value prescription. K itself gives already the right momentum 
structure to reproduce the trF^-term so that in order to compute its 1-loop coefficient 
b'l one should set A;^ = in the integrand of (|21|). The latter then vanishes because 
of the principal value prescription [jl| (cancellation between the annulus and the Mobius 
strip contributions), i.e. for the same reason why there is no non-trivial dilaton tadpole (or 
vacuum partition function) in the 5'0(32) type I theory (see also Jl^). The fact that b'l = 



^ A heuristic way of understanding the connection beween and BF'^ terms is the following. 
The light-cone gauge 'zero-mode' tensor which is present in the 4-point amplitude tg'^'"^^ = 
^Mi- -A's _ igMi - Ms may be given the following 10-dimensional generalisation: t^p'"^* = t^'^'"^^ — 
jBxpt^''^^'"^^ (assuming that in the light-cone gauge Bu^ = 1, Fuv = 0). Then the combinations 
that appear in the super-invariants (^0|) are just trF^ and tr F'^XxF^ with t% replaced by t\o. 
This is also consistent with the structure of the corresponding string amplitudes [jl5|,^ (i.e. 
correlators of the vertex operators) which of course should satisfy the requirement of the linearised 
supersymmetry. 
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is important for the duahty to work since there is obviously no place for a perturbative 
e~'^-correction in the heterotic string theory, cf . ([T^) , (|T^) .i 

The same reasoning is readily extended to higher-loop type I diagrams: the right 
kinematic structure needed to reproduce is always given by K (which comes, e.g., from 
the integral over the zero modes of GS fermions in the partition function representation 



of the effective action []18| , p!9|] ) while the remaining part of the diagram should be taken at 
zero momentum and thus must vanish being just the sum of vacuum diagrams. We thus 
learn that b'2 = b'^ = ... = 0. Note, in particular, that the fact that b'2 = combined with 
duality (^6|) provides an 'explanation' why 60 = 0, i.e. why there is no trF^-term in the 
tree- level heterotic string action [1T^ , |T3| . 

The core of the argument that b[ = b2 = ... = is the condition of finiteness (related 
to anomaly cancellation) of the SO{32) type I theory. This is in correspondence with 
the above claim about similar connection between the automatic higher-loop anomaly 
cancellation and the vanishing of higher-loop corrections to trF^ (62 = ^3 = ••• = 0) in the 
heterotic case. 

The further check of the equivalence between the two 5*0(32) theories is provided 
by the precise equality of the type I tree-level coefficient b'g and the heterotic one-loop 
coefficient bi in ( [T8|) . To demonstrate that 6q = bi it is useful to represent the actions 
(P,(|^) and (0),(||) in terms of the usual Einstein- frame metric g^j^^, and the non-constant 
part $ of the dilaton field {a'G^j, = e'^^'^g^jj, (p = (po + ^) and the 10-dimensional 
gravitational and Yang-Mills coupling constants. We get for the heterotic string action 

Shet = J d^'x^g {-^ [R{g) - \{d^f - ^6"*^^^,] (22) 

- ^e-^'hrFl^ + ... + b.e^'H.F^ + ...} , 

where the gravitational k and the Yang-Mills ^'lo couplings are related to the dimensionless 
heterotic string coupling g by [^i 

= Aa'^g^ , ^7io = 2a"^' , ^ = , (23) 



^ It is interesting to note that the vanishing of the coefficient of the 1-loop trF^ term is a string- 
theory effect: there is ( quadrat ically divergent) 1-loop txF'^ term in the D = 10 super Yang-Miffs 



theory |28]. It can be reproduced from the string theory by taking the I? = 10 field-theory limit 
{a'l for fixed UV cutoff, i.e. A ^ 1) in the type I amphtude (|2l|) |2|. 

^ Note also that @j implies that the two string tensions are related by a' = e^'^^Oj, a'a/ = |k 
(see also 0). 
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and the one-loop (torus) coefficient bi is given by [T^,|T6 



^ 3 X 2ii7r5V^; 3 X 2i%5V ^ ) ■ ^ ' 

The type I action takes tlie form (0' = + ^' : ^' = see (||)) 

Stypei = I d^'x^g {-^ [R{g) - \{d^r " ^e^' K^x] (25) 
-^e*'/^trFi + ^oe-*'/'trF^ + •••}, 



where the couplings k' and ^f^o related to the closed and open superstring string cou- 
plings g' and go by |1TT[]B 



The tree- level (disc) open string coefficient b'^ is [18,1 



3x2^0 ~ 3x2i%5l ) ■ y^') 

It is exactly the same as bi (|2^) provided we set k = k' , gio = g[Q. 

The coincidence of the two coefficients bi and 6q may seem quite remarkable given the 
very different nature of the string diagrams they are extracted from. In view of the above 
discussion, it may, however, be considered as being just a consequence of the D = 10 
supersymmetry and the consistency (anomaly cancellation) of the two string theories. 
Indeed, the two low-energy theories are both equivalent to the D = 10 supergravity -|- 
Yang-Mills theory. The latter 5*0(32) field theory is free from 1-loop anomalies 
provided one adds the anomaly-cancelling terms BF'^ with specific coefficients (determined 
just by the field theory, i.e. by the structure of the massless particle 1-loop diagrams). 
Then the supersymmetry demanding that BF^ and F^ should appear as parts of the same 
super-invariant (^Oj) implies also that the coefficient of the F'^-term is fixed uniquely by 
the low-energy field theory and thus must be the same in the two string theories. 

The above discussion suggests that the local terms in the two effective actions ( p2D and 
( p5l) which appear only at specific orders of perturbation theory or related to such terms 



See also [|To| ; a similar relation in the bosonic string case was derived in ||30t] . In our no- 
tation the normalisation coefficient of the 50(32) gauge group generators in the fundamental 
representation is T{F) = i. 
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by the supersymmetry are indeed the same up to $' = —$.0 One may try to use this 
equivalence to learn more about the structure of certain terms in one action by starting 
with their analogs in the other one (which may be easier to compute directly) . For example, 
let us consider the special case when the vector field is taken to be in an abelian SO{2) 
subgroup of SO{32). Then the SF-independent part of the tree-level (disc) e""^ -term in 
the open superstring action (Q) is given by the Born-Infeld action |]33| , p4| , p5| , |36| ,p|lll 

Stypei = J d''^xVG^{coe-^^'[R' + 4{d<f>'f]-^c'oHl,^ 



+ aie-^ [•^det(5^^ + 27vG'f^^Fx,) - 1] + ...} . (28) 
Rewritten in terms of the heterotic string metric and dilaton in (^ this action becomes 

(cf.(E),(§)) 



+ aie-^'^[^det(5^^ + 27Te^G'^^Fx.) - 1] + ...} . (29) 

Thus the Born-Infeld action appears also in the heterotic string theory but here it is 
a certain combination of all-order string loop corrections (F^"-term originates from the 
g2(n-2)(?!i_(-gj^j^ in the heterotic string loop expansion). 

This observation may be useful, e.g., in looking for heterotic string solutions with 
large and approximately constant electromagnetic fieldEl and also in trying to understand 
the action of the four-dimensional ^-duality when terms of higher orders in a' are included 
(see in this connection 13^ 



It should be noted that in addition to the local terms, the massless superstring effective 
actions contain also non-local terms which are non-analytic in momenta. We define the string 
effective action as the one the tree-level amplitudes of which reproduce the full loop-corrected 
string amplitudes for massless states. The non-analyticity of the low-energy expansion is due to 
loops of massless string states which must necessarily be included in order to have a well-defined 
(finite, anomaly-free) effective action (see p2||). 

12 Note that ^det(<5^; + 2nG'^^^Fx.) - 1 = \ {27r a'j f {F^, - i(2W,)2[F^ - KF^)^]} + O(F^). 
The F"^ , F'^ -terms are in agreement with (|2[) , ([25|) , (|27|) (ai = 2ao/7r'^). Note also that in contrast 



to the oriented bosonic string case (see e.g. |29|] ), in the non-oriented type I case the disc term in 
the action does not depend on -B^i.. 

One should probably also assume that e'^ is large enough in order to be able to drop other 
F^-terms present in the heterotic action (like the tree-level trF^trF'^-term in ([T^) the contribution 



of which is not included in the Born-Infeld action (29)). 
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While this paper was in preparation, further evidence in favour of the heterotic - type 
I duahty was provided in |]3^ . 
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